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Abstract 



In [3] and [9] Konno proved a slope equality for fibred surfaces with 
fibres of odd genus and general fibre of maximal gonality. More pre- 
cisely he found a relation between the invariants of the fibration and 
certain weights of special fibres (called the Horikawa numbers). We 
give an alternative and more geometric proof in the case of a genus 
5 fibration, under generality assumptions. In our setting we are able 
to prove that the fibre with positive Horikawa numbers are precisely 
the trigonal ones, we compute their weights explicitly and thus we ex- 
hibit explicit examples of regular surfaces with assigned invariants and 
Horikawa numbers. 



1 Introduction 

Let / : S — > B be a surface fibration. Suppose that it satisfies a prescribed 
condition (*) on the general fibre, and that there exists a rational number 
A and well-defined nonnegative rational numbers H(f, F) depending on the 
fibration / and on the fibre F, and vanishing on the fibres satisfying the 
general condition (*) such that the following relation is true for any fibration 
of the class: 

K} = \Xf+ 

Pes 

Suppose moreover that there are infinitely many fibrations which satisfy the 
lower bound Kj = \\f- 

In this situation, following the notation of Ashikaga, Konno and Reid 
in [2], [9] and [T7], the above relation is called a slope equality. The fibres 
with positive index H are called the atoms of the fibration, and the numbers 
H(f, F) the Horikawa numbers (or Horikawa indexes) of the fibres. 

The essence of a slope equality is that it is a relation between the in- 
variants depending on two contributions: one is global, and it is related to 
the properties of the general fibre (the number A), the other is local, and it 
depends on the geometry of the surface near the special fibres (the Horikawa 
number of the atoms). 

The existence of a slope equality for a prescribed general condition is still 
an open question. It is not known, for example, if there is a slope equality 
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for fibrations whose general fibre belongs to an assigned subvariety of M g - 
Moreover, it is not known if a slope equality, if existing, is unique for that 
class of fibrations, i.e. if the number A and the Horikawa numbers are unique. 



As pointed out by Reid in [T7], a very useful method to find relation 
of this kind is the analysis of the relative canonical algebra of a fibration 
f:S—*B, i.e. the Op-algebra of H(f) = © n >o^n where the sheaves 1Z n 
are defined as lZ n = /*u;® n . 

One of the core results of this theory is due to Horikawa ([13], 1977) 
which, in the case of genus 2 fibrations, established the following: 

Theorem 1.1 (Horikawa) Let f : S — > B a surface fibration with fibres of 
genus 2. Then 

K 2 f = 2 Xf +Y,nf,Fp) (1-1) 

PeB 

where the Horikawa number of a genus 2 fibre germ over P 

H(f,F P ) = length coker((Sym 2 ^i) P -> (K 2 )p) 

can be interpreted (roughly speaking) as the virtual number of 2- disconnected 
fibres of type E\ + E% (with E\, E% elliptic curves meeting transversally in 
one point). 

In her PhD thesis Mendes Lopes completed the local analysis of the 
canonical algebra of curves of genus 2 and 3 (see [15] )• Based on this, a 
work of Reid ([E], 1990) led to a proof of the following statement: 

Theorem 1.2 (Reid) Let f : S —¥ B a surface fibration with fibres of genus 
3 and suppose that the general fibre is nonhyperelliptic. Then 

K 2 f = 3 X f+Y; n (f> F r) (1-2) 

PeB 

where the Horikawa number H(f, Fp) is defined as 

H(f,F P ) = length(coker((Sym 2 fti) P -> (TZ 2 ) P )). 

A further, more general development is due to Konno (see [9], 1999 and 
[3], 2002). He proves a slope equality for surface fibrations with fibre of 
odd genus g, with the general condition that the generic fibre has maximal 
gonality. He shows that there is the following relation 
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where the Horikawa indexes are calculated by means of the Koszul complex 
-> Ato" 1 )/ 2 * 1 ^ -►...-> A*7^i ^.xj/a+x.i A i_1 7^i ^ (s _ 1)/2+2 _ i -»• 

^! (8) K(g-l)/2 -> ft( 9 _l)/2+l -> 0. 

In particular he shows that a smooth fibre with maximal gonality is not an 
atom. In the case of genus 3 the work of Konno coincide precisely with the 
results of Reid as stated in Theorem 11.21 

The importance of the gonality in these works is based on the famous 
Green's conjecture ([ID]) 1984) which relates the cohomology of the Koszul 
complex of a smooth curve to its gonality. In particular it says that the 
Koszul complex is exact over a curve of maximal gonality. 

Not many other slope equalities are known at the moment. One is due 
again to Ashikaga and Konno (see [3], §2-2), which study hyperelliptic fibra- 
tions, i.e. the general condition they ask is that the generic fibre is smooth 
and hyperelliptic. 

In this paper we are interested in a explicit slope equality for fibration 
of genus 5 with general fibre of maximal gonality. In fact, even thought the 
result of Konno in [3] and [U] is very general and deep, it does not give an 
explicit and geometric explanation of the meaning of the Horikawa numbers, 
nor it describes explicitly the nature of the atoms. 

We show that, under the additional condition that every fibre is canoni- 
cal, the same slope equality found by Konno for fibration of genus 5 can be 
computed in a straightforward and geometric way. 

The key of our result is the proof of Green's conjecture in the case of any 
singular canonical curve. In the genus 5 case Green's conjecture is equiva- 
lent to Noether and Petri theorems, thus our result becomes: 

Proposition I3TT1 Let C be a Gorenstein, genus 5 curve. Let us suppose that 
C is ^-connected and nonhyperelliptic (in the sense of Definition \2. 6]) . 

Then the dualizing sheaf loc is very ample. Moreover Noether' s Theorem 
holds, i.e. 

Sym" H°(C,oj c ) -> #°(C>§ n ) 

is surjective for any n > 1 . 

Also Petri's Theorem holds. In the case of a genus 5 curve it means that 
the ideal of its canonical embedding in P 4 is defined by three quadrics if the 
curve is nontrigonal, and by three quadrics and two cubics if it is trigonal. 

This guarantees that the contribution of a fibre depends only on its 
gonality and not on the kind of singularity that the fibre has (where the 
gonality for a genus 5 singular curve is defined in Definition 12.41 and 12. 6|) . 
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Our main result is the following: 



Theorem 13. 21 Let S be a projective surface with at most Du Val singularities 
and B a projective smooth curve. Let f : S — > B be a surface fibration of 
genus 5 and let us suppose that every fibre is 3-connected and not honestly 
hyper elliptic. Let us also suppose that the general fibre is nontrigonal. 
Then there is a skyscraper sheaf J- over B such that if we define 

H(f,F b ) = 1/2 length^) 

we have that 

beB 

Moreover length(J r b) is even and strictly positive for any b G B support- 
ing a trigonal fibre, and zero elsewhere. 

We compared this slope equality to the one found by Konno in [9] and 
[3]. Using the notation introduced in Section [H in the genus 5 case it can 
be stated in the following way: 

Theorem 14.11 (Konno) Let f ' : S — » B be a surface fibration with fibres of 
genus 5. Suppose moreover that the gonality of the general fibres is 
maximal. Then we have that 

K f = 4 Xf + 2 ^( 1 ength(/C 1 , 2 ) P - length(/C , 3 )p). 

Moreover length(/Ci j 2)p — length (ICq^p is non-negative for any P € B and 
it vanishes on any smooth fibre of maximal gonality. 

A comparison of the two slope equality lead to the fact that they behave 
properly, i.e. they coincide. This means that the local analysis we did in 
order to prove Theorem 13.21 enlightens the geometric nature of the Horikawa 
index in Konno's relation. 

Proposition 14.21 Let f : S —> B a fibration satisfying the assumptions of 
Theorem \3.°A Then the Horikawa numbers of Theorem VJ. A and of Theorem 
\4-l\ coincide. More precisely, the sheaf /Co,3 is everywhere and the sheaf 
K\p, is supported on the points with a trigonal fibre and is isomorphic to the 
sheaf J 7 , defined in Theorem \3.2\ (that "counts" the trigonal fibres). 

Since the proof of Theorem 13.21 clarifies the nature and the structure 
of the atoms, we are able to construct many examples of regular surfaces 
satisfying the assumptions of Theorem 13.21 for every possible value of p g = 
h°(S,0Js)- The idea is based on the fact that any surface of this kind is a 
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relative canonical model, thus S = Proj B (JZf) and it has an embedding 
over B in the P -bundle Proj B (® n>0 Sym n f*u)f), which restricts to the 
canonical embedding of every curve. In Section 3 we showed that the ide- 
als of these embeddings have a very specific form, i.e. they are generated 
by Pfafnan equations. In Section 6 we exhibit explicit P 4 -bundles over P 1 
and explicit equations in order to find surfaces with assigned invariants and 
atoms. 

Acknowledgments: I would like to thank my supervisor Miles Reid for 
introducing me to this beautiful topic and for all the help he generously gave 
me. I am deeply in debt to Lidia Stoppino for many suggestions, constant 
support and encouragement. I am grateful to the geometry groups at Pavia 
and Warwick University for their help. 

2 The relative canonical algebra of a fibration 

In this section we recall some standard facts and notations related to the 
relative canonical algebra of a fibred surface (see [3] and [T7j ) . 

A surface fibration is a morphism between a connected projective surface 
with at most Du Val singularities and a smooth projective curve over an 
algebraically closed field k of characteristic 0. A fibration which has no — 1- 
curves in any of its fibres is called relatively minimal. We will always assume 
that this is the case. 

This morphism is always flat (see [12], Proposition III. 9. 7). For b £ B 
we define Fb = f*(b) for a fibre of /, while F is a general fibre. Since 
char(fc) = Ramanujan's Lemma (see [6], Proposition III 11.1) implies that 
h°(Fb, 0f 6 ) = 1 for any b € B. Thus h°(Fb, UF b ) is constant and we call this 
common value g, the genus of a smooth fibre. 

Let ujf be the relative canonical bundle given by 

Uf = u)s® /* w^ 1 

and Kf the associated divisor. It is clear by adjuction that &f\p b — ^F b for 
any b £ B. Let 

xf = x(Os)-x(o B )x(o F ) 

be the relative Euler-Poincare characteristic. 

Definition 2.1 We define the relative canonical model of a surface fibration 
f : S —■ B as the minimal surface fibration /' : X — > B such that X is 
birationally equivalent to S over B and Uf is relatively ample. In particular 
X is constructed by contracting all the —1 and — 2-curves of S contained in 
the fibres of /. 
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The fundamental invariants associated to a surface fibration / : S — > B 

are: 

1. the self-intersection of the relative canonical divisor, 

2. the relative Euler characteristic Xf = x(.®s) ~ x{®b) x(®f)> 

3. the relative topological Euler characteristic 

e f = e(S) - e(F) e(B) = £>(F 6 ) - 2 + 2g) 

beB 

where e(.) is the topological Euler number of a space. 

The three invariants are related by Noether's Formula (see [5], Proposi- 
tion 1.14): 

K 2 f + e f = l2 Xf , (2.1) 

thus only two of them are independent. The invariants of a fibration are 
equal to the one of its relative canonical model /', since the pullback of u>f 
is precisely ojf. 

Definition 2.2 The relative canonical algebra of the fibration / is defined 
as 

W) = ©^n (2-2) 

n>0 

where the sheaves 1Z n are defined as 

K n = UuJ n . (2.3) 

with multiplication induced by the tensor product w® n <g> w® m ->■ cj® n+m . 
It is a finitely generated Oe-algebra, generated in degree < 4 (the 1-2-3 
Theorem, see [S]). 

The fibres of 1Z n 

TZ n ® k(b) = H°(F b , (u>f n ) {Fb ) = H°(F b ,cof b n ) 

have constant dimension, so by base change (see [16], Corollary II. 2), lZ n is 
a locally free sheaf. The rank of 7Z n is given by 

[ 1 n = 

rank(ft n ) = I 9 n = 1 (2.4) 

( (2n-l)(g-l) n>l. 

We can easily calculate xO^n)- The Leray spectral sequence gives 
H n (S,T)= H p (B,Rif*T) 

p+q=n 
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for any coherent sheaf T on S. Again by base change we find that 

R l f^® n = for all n > 1 

and 

R 2 f,uf n = for all n > 1. 
Moreover Grothendieck duality implies that 

R x Uuj f = B - 

Thanks to these relations we find 

x (7^) = x (^ n ) for all n > 1. 1 J 

Using the Riemann-Roch formula for surfaces and curves we finally com- 
pute 

6-1 n = 0, 

X{n n ) = { Xf + 9(l-b) n=l, (2.6) 

Xf + {l)K}-{2n-l) X {0 B )x{0 F ) n > 1; 

n = 0, 

deg(^ n ) = <( X/ n = l, (2.7) 

X/ + n>l. 

Since we are interested in the analysis of the relative canonical algebra, 
it is important to understand its local structure, i.e. the canonical algebra 
of a curve. There is a deep relation between the properties of the canonical 
sheaf of a Gorenstein curve and some connection properties. 

Definition 2.3 A Gorenstein curve C is said to be numerically k-connected 
if 

deg{u c )\B ~ degws > k (2.8) 

for every generically Gorenstein strict sub curve B C C. 

If C is an effective divisor on a smooth surface, it is numerically k- 
connected if and only if, whenever we write C = A + B as a sum of effective 
divisors A, B, we have that A.B > k. In this case the sheaf (coc)\b — 
us ® Ob{A) (see |6J II. 6) and its degree is precisely degwe + A.B. 

Definition 2.4 A smooth curve is trigonal if it has a g\ without base points. 
A Gorenstein curve is trigonal if it is a limit of trigonal smooth curves but 
not of hyperelliptic ones, in the sense that the curve is a fibre of a flat family 
of curves such that the generic fibre is smooth and trigonal, but there is no 
such family with hyperelliptic general fibre. 
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Remark 2.5 The locus of trigonal curves has codimension 1 in the moduli 
space of genus 5 stable curves .M5, while the general curve has gonality 4. 

Definition 2.6 (|7J, Definition 3.18) We say that a Gorenstein curve C 
is honestly hyperelliptic if there exists a finite morphism tp : C — > P 1 of degree 

2 (that is, ip is finite and ip*Oc is locally free of rank 2 on P 1 ). The linear 
system ■0* |Cpi (1) | defining ip is called an honest g\ . 

The key theorem we are going to need is the following: 

Theorem 2.7 (|8j) Let C be a numerically 3-connected Gorenstein curve. 
Then either loq is very ample or C is honestly hyperelliptic. In particu- 
lar if Pa(C) > 2 then lvq is ample, and if p a (C) = 1 then C is honestly 
hyperelliptic. 

3 Fibrations of genus 5 

In this section we present the proof of Theorem 13.21 Since the proof is based 
on a global version of the analysis of the canonical map of the fibres, it is 
essential to understand the nature of such maps. The following proposition 
shows that, for our purposes, a canonical singular curve is by no means 
different from a nonhyperelliptic smooth one. 

Proposition 3.1 Let C be a Gorenstein, genus 5 curve. Let us suppose 
that C is 3-connected and nonhyperelliptic (in the sense of Definition ^ 6)) . 

Then the dualizing sheaf 10 c is very ample. Moreover Noether's Theorem 
holds, i.e. 

Syrn™ H°{C, u c ) -> H°(C, wg n ) (3.1) 

is surjective for any n > 1 . 

Also Petri's Theorem holds. In the case of a genus 5 curve it means that 
the ideal of its canonical embedding in P is defined by three quadrics if the 
curve is nontrigonal, and by three quadrics and two cubics if it is trigonal. 

Proof. Thanks to Theorem 3.6 in [8], we know that the dualizing sheaf 
ujc is very ample precisely when the curve is 3-connected and not honestly 
hyperelliptic. 

It is already known that the map (|3.1|) is surjective for n > 3 (see [9], 
Proposition 1.3.3) whenever it is surjective for n = 2. 

It remains to be proved that there can not be more that 3 linearly inde- 
pendent quadrics in P 4 vanishing on the curve. There are at least 3 quadrics, 
since a smooth curve is cut out by exactly 3 quadrics (Petri's Theorem, see 
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PQ , Chapter III) . Thus we consider at first the intersection of any 3 of these 
quadrics. We distinguish two cases. 



1. The intersection is a curve: then it is a degree 8 curve since it is 
a complete intersection of 3 quadrics, and it must coincide with C. 
Then the ideal is generated by exactly 3 quadrics. 

2. The intersection is a surface S: S must be non degenerate since it 
contains C, so it must have degree at least 3, since no degree 1 or 
2 surface can span the whole P 4 . But it is a strict subset of the 
intersection of 2 quadrics, which is a surface of degree 4, so S has 
exactly degree 3. If there is a fourth quadric, the intersection between 
the surface and the quadric can be either a smaller surface, impossible 
again since the degree can not drop, or a curve of degree 6, which must 
contain C of degree 8, impossible again, so there is no fourth quadric. 

We have proved that there is exactly a 3 dimensional vector space of 
quadrics in the ideal of the curve, but 



so Noether's Theorem holds. We have also shown that the intersection of 
the 3 quadrics in the ideal of the curve can be either the curve itself, or a 
degree 3 surface S. The surface S is not necessarily irreducible. Again we 
distinguish two cases. 

1. The surface S is irreducible: it can only be a rational normal scroll of 
the form F(l,2) or F(0,3) embedded with O F (0,l) (see [18], Section 
2.12). Thanks to a straightforward application of the adjunction for- 
mula one can see that the curve is defined, in the scroll, by a unique 
equation of relative degree 3. 

2. The surface S is reducible: the union of a degree 1 surface (P 2 ) and a 
quadric surface, which could be reducible itself. Since the surface is not 
degenerate, and the curve is 3-connected (since is very ample), the 
intersection of the 2 components must be a line. With straightforward 
calculations one can prove that the equations of the surface are in the 
form 



In both cases one can check that there are exactly 2 linear syzygies be- 
tween the quadrics in the ideal of the curve. But there is a 15 dimensional 
vector space of cubics in the ideal (thanks to Riemann-Roch Theorem), a 
3-dimensional vector space of quadrics, 5 linear forms Xi and 2 syzygies, so 
there are exactly 2 more cubics that we need to add to the quadrics in order 



3 = dimSym 2 H°(C, ui C ) ~ h°{C,uj 2 c ) 




(3.2) 
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to cut the curve. 

We will see now that a curve is an intersection of quadrics if and only 
if it is nontrigonal. If a curve is a flat limit of smooth trigonal curves, it is 
clear that its ideal will need at least the same number of generators as the 
case of the general curve, so the 2 additional cubics are needed. Conversely, 
if a curve is the intersection of a degree 3 surface of the kind we described 
with 2 cubic equations, it is not difficult, using Bertini's Theorem, to modify 
its equations in a smooth way in order to build a family of smooth curves, 
which are intersection of a smooth scroll F(l,2) and two cubic equations, 
thereby trigonal curves. 

■ 

We are now in a position to prove our main result. 

Theorem 3.2 Let S be a projective surface with at most Du Val singulari- 
ties and B a projective smooth curve. Let f : S — > B be a surface fibration of 
genus 5 and let us suppose that every fibre is 3-connected and not honestly 
hyper elliptic. Let us also suppose that the general fibre is nontrigonal. 
Then there is a skyscraper sheaf T over B such that if we define 

H(f,F b ) = 1/2 length^) 

we have that 

Kj = 4 X f + Y,nf,F b ) (3.3) 

beB 

Moreover length(J 7 b) is even and strictly positive for any b € B support- 
ing a trigonal fibre, and zero elsewhere. 

Proof. Consider the map 

Sym n (fti) ^ K n 
Its fibre over a point t <G B is just 

By Noether's Theorem this map of stalks is surjective, thus 4> n is surjective. 

We are interested in the locally free sheaves /C n = ker(0 n ). For each 
t € B, the fibre K, n <g> k(t) is the vector space of polynomials of degree n in 
P 4 vanishing on the curve F t : 

lC n ®k(t) = H°(F 4 ,L Ft (n)). (3.4) 

In particular one can see that rank(/C2) = 3 and rank(/Cs) = 15. 
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Let us consider the commutative diagram: 



*~ JC 2 ® Tlx »- Sym 2 ^! ® Tlx *• Tl 2 ® Tlx »- (3.5) 

/C 3 Sym 3 ^! ft 3 

The fibre of the map /j, : K, 2 <8> T^i — > /C3 over t G -B is 

^: J ff°(P 4 ,I Ft (2)) »i7 (P 4 ,O P 4(l)) -> tf°(P 4 ,I Ft (3)). 

We can apply Lemma 13.11 and see that for any point t supporting a non- 
trigonal fibre, nt is surjective, since the ideal Ip t is generated by quadrics. 
In particular m is an isomorphism since the two vector spaces have both 
dimension 15 over the base field k. Conversely, over a point supporting a 
trigonal fibre, the cokernel of /it is a 2 dimensional vector space. 

The kernel of the map of sheaves /x is trivial, while the cokernel is a 
skyscraper sheaf T supported on the points with trigonal fibres: 

-> JC 2 ® Tlx -»• £3 -> J 7 -> 0. (3.6) 

Taking into account formulas (|2.6[) and (|2.7p it is possible to calculate 
the Euler characteristic of Sym 2 (7£i) <g>7£i and Sym 3 (7^i) using the splitting 
principle: 

deg(Sym 2 (^ 1 )) = 6 X/ , (3.7) 
deg(Sym 3 (7ei)) = 21 X/ . 

Using standard results on Chern classes of a tensor product, one can 
calculate that 

deg(Sym 2 (Tlx)®Tlx) = 45 X/ (3.8) 
deg(Tl 2 ®Tlx) = l7 Xf +5K 2 f 

and if we take into account diagram (|3.5p we can conclude that 

X (/C 3 ) = 20 X/ -3K 2 + 15 X (O B ) (3.9) 

x (lC 2 ®Tlx) = 28 X/ -5K) + 15 X (O b ). 

Now consider the exact sequence (|3.6|) . By additivity of the Euler char- 
acteristic and substituting the equality ()3.9p we find 

= x (Jl 2 <E)Tlx)-x(Tl3) + x(J r ) 

= (28 X/ - 5K) + 15 X (0 B )) - (20 X/ - 3^| + 15 X (0 S )) + X (JF) 

= 8 Xf -2K 2 f + x(J r ). 
This is precisely equation (|3.3|) of Theorem 13.21 
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As we have seen, the sheaf T represents the extra cubics needed to 
define the ideal of a trigonal curve in its canonical embedding. In the next 
proposition we will study further the structure of this sheaf, and in particular 
we will prove that length (J-j) is even for any t € B. 

Proposition 3.3 Let f : S — > B a surface fibration satisfying the assump- 
tions of Theorem \3.2\ Let us fix a point b £ B supporting a trigonal fibre 
and U a small neighborhood of b, with no other trigonal fibres. 

Then the equations of Sjj = /~ 1 (E7') C U x P 4 are the Pfaffians of the 
following skew matrix with the upper triangular entries as follows: 



M 



( 



\ 



h(x) 
m\(x) 



h{x) 
m 2 {x) 
qW,x) 



m 3 (x) 
q\(t,x) ) 



(3.10) 



where t is a local parameter in U centered in b, x = (xq, . . . , X4) are the 
variables in F 4 , h{x) and mi(x) are linear and qj(t,x) are polynomials of 
degree 2 in the variables x. 

Remark 3.4 For those unfamiliar with the Pfaffian notation, the Pfaffian 
equations of M are: 



Pf(Af) 



ci(t,x) 
c 2 (t,x) 
pi(t,x) 
P2(t,x) 



Ej rni(x)q\(t,x) 
Ei k{x)q\{t,x) 

(m 2 (x)l 3 (x) - m 3 (x)l 2 (x)) + t n q[(t, x) 
(mi(x)h(x) -m 3 (x)h(x)) +t n q t 2 (t,x) 
(mi(s)l 2 (a;) - m 2 (x)li(x)) + t n q\(t,x) 



(3.11) 



Remark 3.5 We prove with a local analysis that the equation are in the 
Pfaffian form of a 5 x 5 matrix. Anyway a more general result by Buchsbaum 
and Eisenbud in [4J garantees that any codimension 3 ideal must be in the 
Pfaffian form. 

Proof. Over U, Petri's Theorem tells us that Sjj is the intersection of three 
quadrics q±(t,x), q 2 {t,x), q 3 (t,x) plus two cubics ci(t,x) and c 2 (t,x). The 
cubics are in the ideal of every fibre except for the one over t = 0, thus 

ci(t,x) = y~]mi(t, x)qj(t,x) 
c 2 (t,x) = }Ji(t,x)qi(t, x) 

where rrii(t,x) and li(t,x) are linear in x and well defined away from t = 0, 
or, equivalently: 



t ni ci{t,x) 
t n2 c 2 (t,x) 



y~]mj(t,x)qi(t,x) 
}Ji(t,x)qi(t,x) 



(3.12) 
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with mi(t,x) and li(t,x) regular on the whole U x P 4 . 

By changing the Ci(t,x) without modifying the surface, we can suppose 
that mi(t,x) and h(t,x) depend only on x. 

Write 

qi(t,x) = q i (x)+t d >q\{t,x) (3.13) 
with di minimal. Equations (|3.12p become: 

t ni d(t,x) = ^m i {x)q° i {x)+^m i {x)t^q t i {t,x) (3.14) 

Thus on P 4 we have that 

Y / a i (x)q°(x)=0, (3.15) 

2>(*)?°(aO = 0. 

We can check that, up to scalar multiplication, we have that 

g 0(x) = m 2 (x)k(x) - m 3 (x)l 2 (x) 
q 2 (x) = — mi(x)h(x) + mz(x)h(x) (3.16) 
q%(x) = mi(x)l 2 (x) - m 2 (x)h(x) 

Consider again equation ([3. 14ft : the second term Yl rn i( x )t x ) 1S 
not divided by t ni + 1, and similarly for c 2 . 

Hence there is one di (say d\) equal to n% and the same for c 2 . If n\ = n 2 
we have concluded the proof: the 5 generators of the ideal q$, q^, q$, ci,c 2 
are in the required form. 

We want to show that the converse is impossible. Let us suppose that n\ 
and n 2 are different, say ni < n 2 and d 2 = n 2 . Taking into account equation 
(|3.15p . equation (|3.14p becomes 

ci(t,x) = mi(x)q\{t,x)+t n2 - ni m 2 (x)q\(t,x)+t dz - ni mz{x)q\{t,x) 
c 2 (t,x) = l 2 (x)q t 2 (t,x)+t- n2 (t n H 1 (x)qi(t,x)+t d n 3 (x)q t 3 (t,x)) (3.17) 

This implies that £^3 = n\ and that 

h(x)q{(0,x) + l 3 (x)ql(0,x) = on P 4 . (3.18) 

We have also that 

ci(0,x) = mi(i)gi(0,x)+m 3 (x)^(0,a;) (3.19) 
c 2 (0,x) = l 2 (x)q t 2 (0,x) 
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A consequence of the last two equations is that on P 4 

h(x) Cl (0,x) = <£(x)4(0,x) (3.20) 
k(x) Cl {0,x) = q%(x)qi(0,x). 

Thus one of the following holds: 

1. l\ = 1$ = on P 4 . This is impossible since this would imply q® = on 
P because of equation (|3.16p . but q® is one of the generators of the 
ideal; 

2. q®(x) divides ci(0, t). This is impossible because of the definition of 
ci; 

3. l\(x) and h(x) divide q® and they are not multiple one of the other. 
Thus q^ix) = j3l\{x)l^{x) , but thanks to the last equation ci(0,x) is 
divided by h(x) and fa(x), thus by q^x). We already said this is 
impossible. 

4. ls(x) = (3l\{x) and l\{x) divides q^ix) (or h(x) = filz(x) etc.). In this 
case one can check that there is an irreducible component of the fibre 
over 0, defined by h(x) = h(x) = q\(x) = 0, which is a — 2-curve, 
but we already showed that this can not be because every fibre is 
3-connected. 

Since every case is impossible, our assumption n\ < is impossible. 



Corollary 3.6 With the same notation of Proposition HOI and Remark \3.4\ 
we have that 

t n a(t,x) = y^mi{x)pi{t,x) 
t n c 2 (t,x) = y~]lj(x)pi(t,x). 

In particular, the stalk of T in b has length In, with n > 1. 

Proof. It is immediate to check the relations using the explicit form of the 
equations involved in Remark 13.41 



Remark 3.7 It is clear from Proposition 13.31 and Corollary 13.61 that the 
Horikawa number is positive for any trigonal fibre, but its exact value de- 
pends only on the embedding of the curve in the surface, and not on the 
intrinsic geometry of the curve itself. In Section 5 we will show several exam- 
ples in which the same curve has any possible Horikawa number in different 
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fibrations. It is moreover clear that the Horikawa number depends only on 
a neighborhood of the fibre and not on the entire surface. 

In a forthcoming paper in collaboration with L. Stoppino we are proving 
that, as one can expect, when the trigonal fibre is stable the Horikawa 
number has a modular meaning. More precisely, when the atom is stable 
(but the fibration does not need to be stable itself) we can compute its 
Horikawa number as an intersection number in A4^. This should answer the 
question made by Ashikaga in [2], Chapter 1.4, which asks whether the slope 
equality found by Konno is related to a similar slope equality that exists for 
stable fibrations computed by means of the Harris Mumford formula (see 
[llj) for the trigonal divisor. 

4 Konno's slope equality 

Consider the Koszul complex of a surface fibration with fibres of genus 5: 

A 3 fti A 2 fti ® Tlx -> Tli ® K 2 -> 7l 3 -> 
with maps 

A^i ® Km d ^ k^Kx K 3 - i+1 

Define /Qj = ker(djj)/Im(di+ij_i). In [3] §2.3 and [2] Konno proves a 
slope equality for fibrations of maximal gonality that, in the case of a genus 

5 fibration, can be stated in the following way: 

Theorem 4.1 (Konno) Let f : S —¥ B be a surface fibration with fibres of 
genus 5. Suppose moreover that the gonality of the general fibres is maximal. 
Then we have that 

K } = 4 Xf+Yl ^(length(/Ci, 2 ) P - length(/C , 3 )p). 
Pes 

Moreover length(/Ci 2 )p — length(/Co,3)p is non-negative for any P 6 B and 
it vanishes on any smooth fibre of maximal gonality. 

The core of the proof is the study of the Koszul complex by means of 
Green's conjecture, which implies that the stalk of the sheaves /Qj on a 
point supporting a smooth curve of maximal gonality are 0. It remains 
unclear the precise geometrical meaning of those sheaves outside the "good" 
points. In particular, it is not clear which kind of points have nonzero 
stalk. Our geometrical analysis in Proposition 13.11 will lead us to a deeper 
understanding of the meaning of these objects. In fact we proved that 
Green's conjecture hold for canonical singular curves as well, thus the only 
important information on a canonical fibre is whether this fibre is trigonal 
or not. 
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Proposition 4.2 Let f : S — > -B a fibration satisfying the assumptions of 
Theorem \3.S\ Then the Horikawa numbers of Theorem \3.S\ and of Theorem 
\4-l\ coincide. More precisely, the sheaf /Co,3 is everywhere and the sheaf 
K,\ y 2 is supported on the points with a trigonal fibre and is isomorphic to the 
sheaf T, defined in Theorem \3.2\ ( that "counts" the trigonal fibres). 



Proof. By definition 

/C ,3 = ker(d , 3 )/ Im(di )2 ) 



K 3 



di 2 

■ n 2 -4 k* 



lm.(lZ\ 09 /C2 — > K.3J 

The homomorphism d± i2 is surjective since, on the fibre over b € B, it 
becomes the product map 



H (F b ,uj Fb )oDH (F b , 



which is surjective thanks to Noether's Theorem, as seen in Proposition [37T 
Let us study K\ t2 which by definition is 



/C 1>2 = ker(di )2 )/Im((i2, 



ker(^i 



di 2 

n 2 ^n 3 ) 



Im(A 2 ^i ® Tlx ^4 Tlx ® K 2 



The map d 2 ,i factors through (A 2 7£i ®Ki)/A 3 Ki since the following 
sequence is exact for any vector space and any vector bundle V: 

A 3 V -> A 2 y Sym 2 V -»• Sym 3 V 







0. 



We can consider the following exact diagram which is an enlarged version 
of diagram 13.51 



/c. 



<*2, 



<g> Sym 2 



Sym 3 



ker(<ix,2 



■ni®n 2 



d\,2 



n 3 



T 



o 



(4.1) 
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With a simple diagram chase we can prove that the map 



<h,i ■ (A 2 ^i ® Ki)/lS?Ki -> ker(d 



1,2 j 



is injective (and the dotted line in the diagram give rise to an exact row) 
and, more importantly, that its cokernel 1C\ )2 is isomorphic to T . 



5 Examples 



In this Section we exhibit examples of fibrations satisfying the assumptions 
of Theorem 13,21 In particular we are looking for fibrations / : S — > P 1 with 
S smooth projective surface and a single trigonal fibre. 



Example 5.1 The easiest ambient space 
normal scroll, or even 



we can work with is a rational 



jl v P 4 
■tort! X r x : 



We already know the local form of the equations near a point supporting 
a trigonal fibre (see Proposition I3.3[) . we want to transform them in global 
equations. Consider the Pfaffian equations of the following skew matrix: 



M 



( n 



\ 



Xq 



X2 
%X 3 

qi 



%3 \ 

£qX4 

<?2 

93 / 



(5.1) 



<7ii 12, Q3 are generic quadratic homogeneous polynomials only in the x vari- 
ables. The Pfaffian equations of the matrix M are: 



(5.2) 



Cl = £q ( X l93 - ^3<?2 + X 4 <7l) 

C2 = x q 3 - x 2 q 2 + ^3<7i 

Pf(M) = { p x = q q3 + t%{-x 2 x 4 + xl) 

P2 = t^q 2 + to(-xox 4 + X1X3) 

P3 = till + *o (-^0^3 + XiX 2 ) 

Over each (io>*i) (1)0) t ne two cubic polynomials c\ and c 2 in f|5.2|) 
are linear combinations of the three quadric polynomials: 

t\Cl = ^{xxpi - x 2 p 2 + Xip 3 ) 
t\c 2 = x pi - x 2 p 2 + x 3 p 3 . 

Over (to,ti) = (1,0) we impose a trigonal fibre. But we know that a 
nonsingular trigonal curve of genus 5 in P 4 is the intersection of three cubic 
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polynomials and a rational normal scroll F(l, 2) (see [E]). The equations of 
F(l,2) C P 4 are given by 

rankf X0 * 2 X A < 1. 

These equations coincide with pi, p2, ps when t\ = 0. One can check that 
the equations c\ and C2 cut a trigonal curve inside the scroll F(l, 2) (see [18], 
Chapter 2). 

The only issue now is to choose qi,q2,Q3 such that S is a nonsingular 
surface. In order to do this we apply Bertini's Theorem over the subset 
(ti 7^ 0) C P 1 x P 4 and conclude that the three quadric polynomials are 
general enough to have nonsingular intersection. Thus S is smooth away 
from the trigonal fibre. Then we apply Bertini's Theorem again over t\ = 
to conclude that the trigonal fibre is smooth for a generic triple qi, q2, q%- 
Thus for the generic triple q%, q2, q3 S is a nonsingular surface. 

In this situation the projection /: S — > P 1 is a flat morphism, because it 
is a surjective morphism between a smooth surface and a curve. Moreover, 
every fibre is connected since h (F, Of) is constant and we have chosen the 
fibre over t\ = to be a smooth connected curve. So every fibre is a canon- 
ical genus 5 connected curve, thus we have no hyperelliptic fibres. They 
must be all 3 connected. In fact being 3 connected and nonhyperelliptic is 
equivalent to the existence of the canonical embedding, and all the fibres 
are canonically embedded (see [8]). 

Let us compute the invariants of the surface S. For this we need the free 
resolution of S inside P 1 x P 4 . 
One can prove this is given by 

„ , n r PfM n M „ *Pf M r n (zo\ 

where the Ci are direct sums of line bundles on P 1 x P 3 given by 
Co = Opi x p4 

C\ = Opi x p4(— n, — 3) © Opi x p4(0, — 3) © 3Cpi x p4(— n, — 2) 
C2 = Opi x p4(— n, — 3) © Opi x p4(— 2n, — 3) © 3Cpi x p4(— n, — 4) 
£3 = Cpi x p4(-2n, -6) 

and Pf M is the row vector of Pfaffians of M. 

Exactness can be checked on the fibres, thus one only needs to work out 
the free resolution of the canonical image of a nonhyperelliptic genus 5 curve. 
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But this is straightforward both in the nontrigonal and in the trigonal case. 

The dualizing sheaf us can be computed by dualizing the free resolution 
of O s (see [H], Proposition III.7.5). We conclude that u s = O s (2n - 2, 1) 
and that there is an isomorphism ^(P 1 x P 4 , 0(2n - 2, 1)) -4 H (S,aj s ). 

In particular we see that p g = 5(2n — 1). 

We can prove as well that the surface is regular. To prove this one 
considers again the resolution (|5.3|) and check that most of the cohomology 
groups involved vanish. 

The upshot of this is that x/ = l+Pg + 4 = 10n. 

It remains to compute Kj. 

The relative canonical sheaf Wgipi = u}$ <S> f*0(2) = 0s(2n, 1) is very 
ample so for k big enough, H' l {S,oj® k ) = Vi > 0. Once again Leray 
spectral sequences give fP(S,a;f fc ) = H^F 1 ,K k ) V i, Vfc > 1. 

Thus for k big enough we get x(7^k) = h°(S,Os(2nk,k)). We can cal- 
culate the latter tensoring the resolution (|5.3|) with 0(2nk,k), obtaining a 
new exact sequence, which yields 

x {Tl k ) = -(-8 + 16/c + 20n - Alkn + Alk 2 n) 
at least for big k. We know that 

Qk} = X {R k ) - X f- 4(2fc - 1) = 41nQ 

(see equation (|2.6p ). then Kj = 41n. Since length(J r ) = 2n, this is exactly 
the thesis of Theorem 13.21 

Remark 5.2 When n = 1, the surface S can be seen as a complete inter- 
section in P 4 : 

S — ► P 4 
(to,ti), (x , ■ ■ ■ ,x 4 ) H> (xo,...,x 4 ) 

Its image obviously lies in the surface 

S = {x q3 - x 2 q2 + x 3 qi = 0, Xiq 3 - x 3 q 2 + x^qi = 0}. 

The morphism S — > S is in fact an isomorphism, as it has an inverse mor- 
phism. This can be shown by calculation for q%, q%, q 3 general enough. 

Remark 5.3 This example clarify the dependence of the Horikawa index 
both on the geometry of the fibre and on the embedding of the fibre itself. 
For any n G N, the fibre over (1,0) is trigonal, thus has positive Horikawa 
index. But for a generic choice of the polynomials involved, we find a suitable 
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fibration for any n 6 N, thus the trigonal fibre is exactly the same, whether 
the index is n, thus the precise value of the index depends only on the 
embedding of the same fibre in the different fibration. 

Example 5.4 The previous example can be adapted to a more general am- 
bient space, namely a normal rational scroll F(ao, oti, a 2 , a 3 , 04). In particular 
we can easily find examples of regular surfaces with any odd p g > 5 such 
that Kj = Axf + 1 = 4p 9 + 21. 

Let us fix F = F(a, a, 0, 0, 0) for any a > 0. We can consider the Pfaffian 
equations of a matrix very similar to the one of the previous example: 

/ h igx x 2 
M = tQ +1 X! t x 3 

V 

with Pfaffian equations 

c\ = t (tQXiq 3 - x 3 q 2 + x±qi) 
c 2 = t%x q3 ~ x 2 q 2 + ^3<7i 
< Pi = hq 3 + t (-x 2 Xi + x|) (5.5) 

P2 = hq 2 + to +1 (x x 4 - xix 3 ) 
, P3 = hqi + tQ +1 (x x 3 - xix 2 ) 

where the qi have bidegree (a, 2). Like in Example 15. 11 we can find qi general 
enough to yield a smooth surface with one single trigonal fibre. 

We can show again that the surface is regular and that ojs — Os(0, 1) 
and #°(F,e> F (0,l)) ^ H°(S,ujs). So Pg = 2a + 5. 

Example 5.5 We can modify the latter example in order to obtain even 
p g > 6. If p g is even and the surface is regular, the degree of 1Z± is odd, 
so we look for an ambient space Proj(Sym"7£i) = ¥(ao, oi, a 2 , a 3 , 04) with 
Y,i a i od d. 

Let us fix F = F(a, 0, 0, 0, 0) for any a positive odd integer of the form 
2d — 1 . The matrix involved is 

I t 1 t Q Xq X 2 

M = t X\ t Q X 3 

Qi 

\ 

with Pfaffian equations 



X3 \ 

toXA 
Q2 

Q3 ) 



(5.4) 



^3 \ 



tgX4 

Q3 , 



(5.6) 
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Cl = to(*0£l<?3 - £3<?2 + 37491 ) 
C 2 = io d;r 093 - 3^292 + ^3<?1 

< Pi = tf +1 q 3 + 4(-x 2 x 4 + x§) (5.7) 

P2 = ^ +1 92 + i^W" 1 ^ - xix 3 ) 
> P3 = tf +1 qi + t^if^xoxs - Xl X 2 ) 

where q\ and q 2 have bidegree (0,2) and (73 has bidegree (—1,2). 

We can show again that the surface is regular and that ojs — 0,5(0, 1) 
and H°{¥,O ¥ {0,l)) ^ H°(S,ujs). So Pg = a + 5 = 2d + 4. 

Remark 5.6 The only missing values for p g are 0, ...,4. These can be 
obtained by a suitable modification of the above construction. 

References 

[1] E. Arbarello, M. Cornalba, P.A. Griffiths, J.Harris, Geometry of Alge- 
braic Curves, vol 1, Springer, New York - Berlin - Heidelberg - Tokyo 
(1985). 

[2] T. Ashikaga, Local signature and Horikawa index of pencils of algebraic 
curves, 2006, |http://hdl.handle.net/2433/58240[ 

[3] T. Ashikaga, K. Konno, Global and Local Properties of Pencils of Al- 
gebraic Curves, Algebraic Geometry 2000, Azumino, Adv. Stud, in Pure 
Math. 36 (2002), 1-49. 

[4] D. A. Buchsbaum, D. Eisenbud, Algebra Structures for Finite Free Reso- 
lutions, and Some Structure Theorems for Ldeals in Codimension 3, Amer- 
ican Journal of Mathematics, Vol. 99, No. 3. (Jun., 1977), 447-485. 

[5] A. Beauville, L 'inegalite p g > 2q — 4 pour les surfaces de type general, 
Bull. Soc. Math. France 10 (1982), 343-346. 

[6] W. Barth, C. Peters, A. Van de Ven, Compact complex surfaces. Ergeb- 
nisse der Mathematik und ihrer Grenzgebiete (3) [Results in Mathematics 
and Related Areas (3)], 4. Springer- Verlag, Berlin, (1984). 

[7] F. Catanese, Pluricanonical Gorenstein curves, in 'Enumerative Ge- 
ometry and Classical Algebraic Geometry', Nice, Prog, in Math. 24, 
Birkhauser (1981), 51-95. 

[8] F. Catanese, M. Franciosi, K. Hulek, M. Reid, Embedding of curves and 
surfaces, Nagoya Math. J. 154 (1999), 185-220. 

[9] K. Konno, 1-2-3 theorem for curves on algebraic surfaces, J. Reine 
Angew. Math. 533 (2001), 171-205. 



21 



[10] M. Green, Koszul cohomology and the geometry of projective varieties, 
J. Diff. Geom. 19 (1984), 125-171. 

[11] J. Harris, D. Mumford, On the Kodaira Dimension of the Moduli Space 
of Curves, Invent. Math. 67 (1982) 23-97. 

[12] R. Hartshorne, Algebraic Geometry, Springer- Verlag, New York, (1977). 

[13] E. Horikawa, On algebraic surfaces with pencils of curves of genus 2, 
in Complex analysis and algebraic geometry, volume dedicated to K. Ko- 
daira, Iwanami and C.U.P. (1977), 79-90. 

[14] K. Konno, Clifford index and the slope of fibered surfaces, J. Algebraic 
Geom. 8 (1999), no. 2, 207-220. 

[15] M. Mendes Lopes, The relative canonical algebra for genus three fibra- 
tions. Ph. D. Thesis, University of Warwick, (1989). 

[16] D. Mumford, Abelian Varieties , Oxford University Press, Bombay, 
(1970). 

[17] M. Reid, Problems on pencils of small genus, 



http:/ /www.warwick.ac.uk/~masda/surf/more/atoms.pdf, (1990). 



[18] M. Reid, Chapters on algebraic surfaces, in Complex algebraic varieties, 
J. Kollar Ed., IAS/Park City lecture notes series (1993 volume), AMS, 
(1997). 



Elisa Tenni 

Dipartimento di Matematica "F. Casoratf 
Universita degli Studi di Pavia 
via Ferrata 1, 27100 Pavia, Italy 
e-mail: elisa.tenniOunipv . it 



22 



